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The present study is aimed at investigating the validity of the generalized second law
(GSL) of thermodynamics in f(R) gravity. Choosing f(R) = R + ξRµ + ζR−ν [following
Phys Rev D, 68 123512 (2003)] we have computed the time derivatives of total entropy for
various choices of scale factor pertaining to emergent, intermediate and logamediate scenarios
of the universe. We have taken into account the radii of hubble, apparent, particle and event
horizons while computing the time derivatives of entropy under various situations being
considered. After analyzing through the plots of time derivative of total entropy against
cosmic time it is observed that the derivative always stays at positive level that indicate the
validity of GSL of thermodynamics in the f(R) gravity irrespective of the choices of scale
factor and enveloping horizon.
I. INTRODUCTION
Accelerated expansion of the universe is well documented in literature (detailed discussion is
available in [1] and references therein). Approximately 76% of the energy content of the Universe
is not dark or luminous matter but it is instead a mysterious form of dark energy that is exotic,
invisible, and unclustered [2]. In order to explain the origin of this form of matter three main
classes of models for this acceleration exist [3]: (1) A cosmological constant Λ (2) Dark Energy and
(3) Modified Gravity. The last class of models known as extended theories of gravity corresponds
to the modification of the action of the gravitational fields [3]. These theories are based on the
idea of an extension of the Einstein Hilbert action by adding higher order curvature invariants.
Modified gravity theories have been reviewed in [4–6]. Nojiri and Odintsov [7] suggested f(R)
gravity characterized by the presence of effective cosmological constant epochs in such a way that
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2early time inflation and late time cosmic acceleration are mutually unified within a single model.
In another work, Nojiri and Odintsov [8] proposed another class of modified f(R) to unify Rm
inflation with ΛCDM era. Chattopadhyay and Debnath [9] considered f(R) gravity in an universe
characterized by a special form scale factor known as emergent scenario and observe that and
concluded that the EoS parameter behaves like quintessence in this situation.
In the present work are going to investigate the GSL of thermodynamics for various choices of
the scale factor a. The choices are named as “emergent”, “intermediate” and “logamediate”. The
physical aspects behind such choices are well documented in the literature [25–27]. However, for
the sake of convenience we shall give a brief overview in a subsequent section. In this work the
thermodynamic consequences of the universe for the said choices of scale factor would be examined
in a modified gravity theory named as f(R) gravity that has gained immense interest in recent
times. In the present work we have extended the study of the reference [9] by to the investigation
of the generalized second law (GSL) of thermodynamics in emergent scenario with the universes
enveloped by Hubble, apparent, Particle and Event horizons respectively. In the remaining part of
the paper the radii of the said horizons are denoted by RH , RA, RP and RE respectively. Validity
of the GSL implies that the sum of the time derivatives of the internal entropy and entropy on
the horizon is non-negative. Hence, the primary objective of this work is to discern whether
S˙total = S˙internal + S˙horizon ≥ 0 holds for the situations under consideration. The GSL would be
investigated based on the first law of thermodynamics. Relevance of the laws of thermodynamics
in cosmology was discussed by [10, 11]. Validity of GSL in various DE candidates and their
interactions have been discussed in several papers like [12–18]. The works on the validity of the
GSL in modified gravity theories include [19–23]. In the reference [24] studied thermodynamics of
the apparent horizon in f(R) gravity and it was demonstrated that an f(R) gravity can realize a
crossing of the phantom divide and can satisfy the second law of thermodynamics in the effective
phantom phase as well as non-phantom one. In another work, [21] studied the thermodynamic
behavior of field equations for f(R) gravity. In the present work, we have taken different choices
for the scale factor and examined whether the GSL holds for those choices. Details are presented
in the subsequent sections.
3II. THE GENERALIZED SECOND LAW
In this section we are going to examine whether the generalized second law (GSL)will hold for
various choices of scale factor and on various horizons under f(R) gravity. The basic necessity for
the validity of GSL is that the time derivative of the total entropy S˙Total = S˙H + S˙ ≥ 0, where S˙
indicates the time derivative of normal entropy and S˙H indicates the horizon entropy [18].
The first law of thermodynamics (Clausius relation) on the horizon is defined as TXdSX = δQ =
−dEX . From the unified first law, we may obtain the first law of thermodynamics as
TXdSX = 4piR
3
XH(ρ+ p)dt (1)
where, TX and RX are the temperature and radius of the horizons under consideration in the
equilibrium thermodynamics. Subsequently, the time derivative of the entropy on the horizon can
be derived as
S˙X =
4piR3XH
TX
(ρ+ p) (2)
Finally, we can get the time derivative of total entropy as [29]
S˙Total = S˙X + S˙IX =
R2X
GTX
(
k
a2
− H˙
)
R˙X (3)
Our target is to investigate whether S˙X + S˙IX ≥ 0 holds.
A. Basic equations of f(R) gravity
The action of f(R) gravity is given by [24]
S =
∫
d4x
√−g
[
f(R)
2κ2
+ Lmatter
]
(4)
where g is the determinant of the metric tensor gµν , Lmatter is the matter Lagrangian and κ2 = 8piG.
The f(R) is a non-linear function of the Ricci curvature calR that incorporates corrections to the
4Einstein-Hilbert action which is instead described by a linear function f(R). The gravitational
field equations in this theory are [24]
H2 +
k
a2
=
κ2
3f ′(R) (ρ+ ρc) (5)
H˙ − k
a2
= − κ
2
2f ′(R)(ρ+ p+ ρc + pc) (6)
where ρc and pc can be regarded as the energy density and pressure generated due to the
difference of f(R) gravity from general relativity given by [24]
ρc =
1
8pif ′
[
−f −Rf
′
2
− 3Hf ′′R˙
]
(7)
pc =
1
8pif ′
[
f −Rf ′
2
+ f ′′R¨+ f ′′′R¨2 + 6f ′′R˙
]
(8)
where, the scalar tensor R = −6
(
H˙ + 2H2 + k
a2
)
.
B. The choices of scale factor a(t)
In this paper we have considered three forms of the scale factor a(t) in the f(R) gravity to
investigate the validity of the GSL of thermodynamics. The three choices, in literature, dubbed as
“emergent”, “intermediate” and “logamediate” respectively, are given by
1. Emergent: a(t) = A
(
η + eBt
)n
with A > 0, B > 0, η > 0, n > 1 [25].
2. Intermediate: a(t) = exp(Btβ) with B > 0; 0 < β < 1 [26].
3. Logamediate: a(t) = exp(A(ln t)α) with Aα > 0, α > 1 [27].
For the above choices of scale factor the forms of the Hubble parameter H are the following
5H =
BneBt
η + eBt
; H = Bβt−1+β; H =
Aα(ln t)−1+α
t
(9)
It is clear from the above that we are first choosing various forms of scale factor and subsequently
investigating the GSL in the corresponding scenarios. This ‘reverse’ way of investigations had
earlier been used extensively by Ellis and Madsen [28], who chose various forms of scale factor and
then found out the other variables from the field equations.
We choose the function f(R) as [30]
f(R) = R+ ξRµ + ζR−ν (10)
We obtain the Ricci scalar R for the above three choices of scale factor leading to the forms of
H obtained in (11). Subsequently we obtain f(R) for all of the above choices as functions of time
t. The radii of the various enveloping horizons of the universe are given below.
The radius of the apparent horizon is given by
RA =
1√
H2 + k
a2
If we use k = 0, then we get the radius of the Hubble horizon RH =
1
H
. The radii of the particle
RP and the event RE horizons are given by
RP = a
∫ t
0
dt
a
and RE = a
∫ ∞
0
dt
a
Discussions on the above radii of different horizons are available in [29].
Using the the above forms of scale factors the Ricci scalar R is reconstructed as follows:
For “emergent” scenario:
R = 6
[
− B2e2Btn
(eBt+η)2
+ 2B
2e2Btn2
(eBt+η)2
+ B
2eBtn
eBt+η
+ k(e
Bt+η)−2n
A2
]
(11)
For “intermediate” scenario:
R = 6
[
e−2Bt
β
k +Bt−2+β(−1 + β)β + 2B2t−2+2ββ2
]
(12)
For “logamediate” scenario:
R = 6
[
e−2A(ln t)
α
k + A(−1+α)α(ln t)
−2+α
t2
− Aα(ln t)−1+α
t2
+ 2A
2α2(ln t)−2+2α
t2
]
(13)
Now we have discussed the validity of the GSL of thermodynamics with the various choices of
scale factor by obtaining the time derivatives of total entropy from for the universe enveloped by
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FIG. 1: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Hubble horizon in the f(R) gravity in the “Emergent scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
the different horizons and then plotted the time derivatives of the total entropy against cosmic
time t to get the following twelve graphs shown in the figure 1 to 12 [figure 1 to 3 ( for hubble
horizon), figure 4 to 6 ( for apparent horizon), figure 7 to 9 ( for particle horizon) and figure 10
to 12 ( for event horizon)]. In all the plots we find that S˙total is staying in the positive level. This
indicates the validity of GSL of thermodynamics in all scenarios of the universe enveloped by the
hubble, apparent, particle and event horizons.
III. DISCUSSIONS
In the present work, we have investigated the validity of generalized second law of thermo-
dynamics in an universe enveloped by Hubble, apparent, particle and event horizons.Instead of
considering FRW universe governed by Einstein gravity we have considered a modified gravity in
the form of f(R) gravity.We have chosen the scale factors in three forms corresponding to emergent,
intermediate and logamediate scenarios.While investigating the the validity of GSL of thermody-
namics we have not taken into account the first law of thermodynamics. The purpose being the
investigation of the validity of GSL, we have computed the entropy on the horizon, as well as, inside
the horizon in the all twelve cases under consideration. We have kept the curvature of the universe
under consideration.In all possible three cases, we have examined the GSL for flat (k = 0), open
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FIG. 2: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Hubble horizon in the f(R) gravity in the “Intermediate scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
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FIG. 3: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Hubble horizon in the f(R) gravity in the “Logamediate scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
(k = −1) and closed (k = 1) universes. We have plotted the time derivative of the total entropy
S˙total against the cosmic time t, in all of the cases under consideration.
In figure 1, 2 and 3 we have considered three choices of scale factors in an universe enveloped
by hubble horizon and characterized by f(R) gravity. In all of the three cases S˙total is staying
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FIG. 4: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Apparent horizon in the f(R) gravity in the “Emergent scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
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FIG. 5: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped
by Apparent horizon in the f(R) gravity in the “Intermediate scenario”. The red, green and blue lines
correspond to k = −1, + 1and k = 0 respectively.
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FIG. 6: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped
by Apparent horizon in the f(R) gravity in the “Logamediate scenario”. The red, green and blue lines
correspond to k = −1, + 1and k = 0 respectively.
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FIG. 7: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Particle horizon in the f(R) gravity in the “Emergent scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
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FIG. 8: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped
by Particle horizon in the f(R) gravity in the “Intermediate scenario”. The red, green and blue lines
correspond to k = −1, + 1and k = 0 respectively.
0.8 1.0 1.2 1.4 1.6 1.8 2.0
0
10 000
20 000
30 000
40 000
t
S  t
ot
al
FIG. 9: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Particle horizon in the f(R) gravity in the “Logamediate scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
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FIG. 10: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped
by Event horizon in the f(R) gravity in the “Emergent scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
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FIG. 11: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Event horizon in the f(R) gravity in the “Intermediate scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
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FIG. 12: plots the time derivative of total entropy S˙total against cosmic time t for the universe enveloped by
Event horizon in the f(R) gravity in the “Logamediate scenario”. The red, green and blue lines correspond
to k = −1, + 1and k = 0 respectively.
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at positive level and exhibiting decaying behavior with passage of cosmic time t. This indicates
validity of GSL of thermodynamics in an universe characterized by f(R) gravity and enveloped by
Hubble horizon. Moreover this holds irrespective of the curvature of of the universe. It is further
noted that for the intermediate and logamediate scenarios, the rate of decay of S˙total is faster than
in the case of emergent scenarios. It is further noted that the decaying behavior is significantly
influenced by the curvature of the universe in case of logamediate scenario. Here From figure 3
we find that, in logamediate scenario, S˙total falls very sharply in case of Flat universe (k = 0).
However this rate is much less in open (k = −1) and closed (k = 1) universes.
In figure 4,5 and 6 we have considered apparent horizon. Although S˙total stays at positive level
in all these three cases, the nature of its decay with cosmic time t has varied with the choice of
scale factor. It has been observed that, in the case of logamediate scenario (figure 6) S˙total has
fallen very sharply irrespective of the curvature. Whereas, in the the case of emergent scenario
(figure 4) the rate of change of S˙total is much lesser. In this case the decaying of S˙total is very slow
for flat (k=0). In the case intermediate scenario (figure 5), the decaying of S˙total is not significantly
influenced by the curvature of the universe.
Figure 7,8 and 9 confirms the validity of GSL of thermodynamics in an universe characterized
by f(R) gravity and enveloped by particle horizon. Here S˙total has not shown any significant
dependence on the curvature of the universe. However, S˙total behavior exhibited significant changes
in different scenarios of the universe. In the case of of emergent scenario it is increasing with cosmic
time t, but in the case of intermediate scenario in it decaying with cosmic time t. Although in the
case of logamediate scenario (figure 9) S˙total behaves differently from the other scenarios. In figure
9 we can see that S˙total is decaying with cosmic time t after increasing upto a certain period of
time.
In figures 10,11 and 12 we have plotted the time derivatives of total entropy for the universe in
the emergent, intermediate and logamediate scenarios respectively for the universe enveloped by
the event horizon. These figures reveal that in f(R) gravity the GSL of thermodynamics is valid
for all the scenarios under consideration when we are assuming event horizon as the enveloping
horizon of the universe.
Therefore, the rigorous study reported above reveals the validity GSL of thermodynamics in
an universe govern by f(R) gravity. Irrespective of the choice of scale factor, enveloping horizon
and curvature of the universe, the time derivative of total entropy stays at the positive level. In
the reference [24], the validity of GSL was investigated for f(R) gravity on the apparent horizon
and it was shown that the GSL can be satisfied in both phantom and non-phantom phases of the
12
universe. The present study deviates from the said study in the respect for chosing a form of the
Ricci scalar and considering various forms of the scale factor available in the literature. Moreover,
here we have not confined ourselves to the apparent horizon only. We have also considered the
other enveloping horizons like Hubble, particle and event horizons. In all of our cases under
consideration, the GSL of thermodynamics has been found to be satisfied.
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